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Abstract
We obtain the canonical and symmetrical Belinfante energy-momentum
tensors of Dirac−Ka¨hler’s fields. It is shown that the traces of the
energy-momentum tensors are not equal to zero. We find the canoni-
cal and Belinfante dilatation currents which are not conserved, but a
new conserved dilatation current is obtained. It is pointed out that
the conformal symmetry is broken. The canonical quantization is per-
formed and the propagator of the massless fields in the first-order
formalism is found.
1 Introduction
The Dirac−Ka¨hler (DK) fields [1], [2] are paid much attention to due to the
development of quantum chromodynamics (QCD) on a lattice [3], [4], [5], [6],
[7], [8], [9], [10]. Ka¨hler postulated an equation in terms of inhomogeneous
differential forms which is equivalent to a set of antisymmetric tensor fields
[1], [11], [12]. In the matrix form the DK equation for massive fields can
be represented as a direct sum of four Dirac equations. For massless fields,
the DK equation comprises the additional projection operator and the DK
equation is not a sum of Dirac equations.
In this paper, we investigate the massless DK boson fields. We imply
that masses of boson fields can appear due to the Higgs mechanism. The rel-
ativistic wave equation describing massless DK fields is the Dirac-like 16×16
matrix equation with the additional projection operator [11], [12]. The La-
grangian for the DK massless boson fields possesses the internal symmetry
group SO(3, 1) [12], and generators of this group do not commute with the
generators of the Lorentz group.
We study here the dilatation symmetry of the massless DK fields. The
canonical, symmetrical Belinfante energy-momentum tensors, and the dilata-
1
tion current are obtained. The canonical quantization is performed for the
massless DK fields in the first-order formalism.
The paper is organized as follows. In Sec. 2, the massless DK field
equation is formulated in the matrix form. The canonical and the symmet-
rical Belinfante energy-momentum tensors are found in Sec. 3. We obtain
the non-conserved canonical and Belinfante dilatation currents, and a new
conserved dilatation current is found. In Sec. 4, we consider the canonical
quantization of the DK massless fields and obtain the matrix propagator. We
discuss results obtained and possible applications of the theory considered in
Sec. 5.
The Heaviside units are chosen and the Euclidean metric is used, and
h¯ = c = 1.
2 Dirac−Ka¨hler equation for massless fields
The massless DK fields obey the following tensor equations [11], [12]:
∂νϕµν − ∂µϕ = 0, ∂νϕ˜µν − ∂µϕ˜ = 0, (1)
∂µϕµ = ϕ, ∂µϕ˜µ = ϕ˜, (2)
ϕµν = ∂µϕν − ∂νϕµ − εµναβ∂αϕ˜β, (3)
where the dual tensor is defined as
ϕ˜µν =
1
2
εµναβϕαβ (4)
and εµναβ is an antisymmetric tensor with ε1234 = −i. We consider here
the neutral fields when the fields ϕ, ϕ˜, (ϕm, ϕ0), (ϕ˜m, ϕ˜0) are real values.
The generalization for charged fields is straightforward: the fields become
complex values. One may introduce the electric and magnetic sources in Eq.
(1) [12]. Then, we have the Maxwell equations with electric and magnetic
charges in the dual-symmetric form. The fields ϕ, ϕ˜ play the role of the
general gauge [13]. To have the Lorentz gauge, one can put ϕ = ϕ˜ = 0.
Equations (1)−(3) can be represented in the form of the Dirac-like equa-
tion with 16×16 dimensional Dirac matrices [11], [12]. It should be noted that
the fields ϕ, ϕ˜, ϕµ, ϕ˜µ have different dimensions. Thus, in order to formulate
the first-order equations, one needs to introduce the dimensional parameter.
We use the notations ψ0 = −ϕ, ψµ = κϕµ, ψ[µν] = ϕµν , ψ˜µ = iκϕ˜µ, ψ˜0 = −iϕ˜,
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eµναβ = iεµναβ (e1234 = 1), where the parameter κ has the dimension of the
mass1. With these notations, equations (1)−(3) may be rewritten as
∂µψµ + κψ0 = 0, ∂µψ˜µ + κψ˜0 = 0,
∂νψ[µν] + ∂µψ0 = 0, ∂νiψ˜[µν] + ∂µψ˜0 = 0, (5)
∂νψµ − ∂µψν − eµναβ∂αψ˜β + κψ[µν] = 0,
Introducing the 16-component wave function
Ψ(x) = {ψA(x)} =

ψ0(x)
ψµ(x)
ψ[µν](x)
ψ˜µ(x)
ψ˜0(x)
 , (6)
where A = 0, µ, [µν], µ˜, 0˜; ψµ˜ ≡ ψ˜µ, ψ0˜ ≡ ψ˜0, (5) can be cast in the form of
the first-order wave equation [11], [12]:
(Γν∂ν + κP )Ψ(x) = 0. (7)
The 16× 16 matrices Γν are given by
Γν = β
(+)
ν + β
(−)
ν , β
(+)
ν = β
(1)
ν + β
(˜0)
ν , β
(−)
ν = β
(˜1)
ν + β
(0)
ν ,
β(1)ν = ε
µ,[µν] + ε[µν],µ, β (˜1)ν =
1
2
eµνρω
(
εµ˜,[ρω] + ε[ρω],µ˜
)
, (8)
β (˜0)ν = ε
ν˜,˜0 + ε0˜,ν˜ , β(0)ν = ε
ν,0 + ε0,ν .
Equation (7) describes the massless DK fields and it is not the direct sum
of four Dirac equations because of the presence of the projection operator
P . In the case of massive fields, the parameter κ is replaced by the mass m,
and the projection operator P is replaced by the unit 16×16 matrix. As a
result the equation for massive DK fields represents the sum of four Dirac
equations. But the Lorentz transformations for bosonic fields mix “flavors”
[11], [12]. Matrices β(1)ν , β
(˜1)
ν and β
(0)
ν , β
(˜0)
ν obey the Petiau−Duffin−Kemmer
algebra, and the Γν are the 16× 16 Dirac-like matrices:
ΓνΓµ + ΓµΓν = 2δµν . (9)
1In [11], [12], we have used instead of κ the parameter m2; thus, κ = m2.
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We have explored here the matrices εA,B with the properties: εA,BεC,D =
εA,DδBC ,
(
εA,B
)
CD
= δACδBD and the indexes run A,B,C,D = 1, 2, ..., 16.
The matrix P is the projection matrix, P 2 = P , and is given by
P = ε0,0 +
1
2
ε[µν],[µν] + ε0˜,˜0. (10)
Now we consider the form-invariance of (7) under the Lorentz transfor-
mations. Coordinate transformations read as follows:
x′µ = Lµνx
′
ν , (11)
where the Lorentz matrix L = {Lµν} has the properties: LµαLνα = δµν .
The Lorentz transformations of coordinates (11) generate the wave function
transformations
Ψ′(x′) = TΨ(x), (12)
with the 16× 16 matrix T . Then the first-order equation (7) becomes(
Γµ∂
′
µ + κP
)
Ψ′(x′) = (ΓµLµν∂ν + κP ) TΨ(x) = 0, (13)
where ∂′µ = Lµν∂ν . Equation (7) is form-invariant under the Lorentz trans-
formations if the equations
ΓµTLµν = TΓν , PT = TP (14)
hold. The matrix T for the finite Lorentz transformations is given by
T = exp
(
1
2
εµνJµν
)
, (15)
where Jµν are the generators of the Lorentz group transformations. One can
verify that the matrix T with the generators for bosonic fields
Jµν =
1
4
(
ΓµΓν − ΓνΓµ + ΓµΓν − ΓνΓµ
)
, (16)
obeys (14). We have introduced the matrices Γν , which satisfy the Dirac
algebra and are given by
Γν = β
(+)
ν − β
(−)
ν . (17)
The matrices Γν commute with Γµ: ΓµΓν = ΓνΓµ. At the infinitesimal
Lorentz transformations (14) become
ΓµJαν − JανΓµ = δαµΓν − δνµΓα, PJµν = JµνP. (18)
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The generators (16) obey (18).
The Lorentz-invariant is ΨΨ = Ψ+ηΨ (Ψ+ is the Hermitian-conjugate
wave function), where the Hermitian matrix, η is
η = Γ4Γ4. (19)
From (8),(17), we obtain
η = −ε0,0 + εm,m − ε4,4 + ε[m4],[m4] −
1
2
ε[mn],[mn] + ε0˜,˜0 + ε4˜,˜4 − εm˜,m˜. (20)
Taking into consideration that the fields ϕ, ϕ˜, (ϕm, ϕ0), (ϕ˜m, ϕ˜0) are real
values, we find from (20) the “conjugated” function:
Ψ(x) = Ψ+(x)η =
(
−ψ0(x), ψµ(x),−ψ[µν](x), ψ˜µ(x),−ψ˜0(x)
)
(21)
which obeys the equation
Ψ(x)
(
Γµ
←−
∂ µ − κP
)
= 0. (22)
It follows from (7),(22) that the electric current
Jµ(x) = iΨ(x)ΓµΨ(x) (23)
is conserved: ∂µJµ(x) = 0. In addition, one may verify with the help of
(6),(8),(21), that for the real fields, it vanishes, Jµ(x) = 0, as the fields are
neutral.
Solutions to (7) with definite energy and momentum are given by
Ψ(±)s (x) =
√
κ
2k0V
us(±k) exp(±ikx), (24)
where V is the normalization volume, k2 = k2 − k20 = 0, and s is the spin
index which corresponds to scalar, vector, pseudovector and pseudoscalar
states and runs eight values: s = 0, n, n˜, 0˜. The us(±k) obeys the equation
for the field function in momentum space:(
±ik̂ + κP
)
us(±k) = 0, (25)
where k̂ = Γµkµ. One found in [11], [12] the minimal equation for the matrix
of (25) B± = ±ik̂ + κP :
B± (B± − κ) = 0, (26)
5
so that the projection operator (α± = α
2
±
) extracting solutions to (25) is
given by
α± =
κ− B±
κ
= P ∓
ik̂
κ
, (27)
and P is the projection operator:
P = 1− P = εµ,µ + εµ˜,µ˜, (28)
and PP = PP = 0. Every column of the matrix α is the solution to (25).
One can find the projection matrix-dyads, extracting solutions with different
spins and spin projections in [11], [12]. From (23),(25), and the condition
Jµ(x) = 0 for the neutral fields, one obtains
us(±k)kˆus(±k) = 0, us(±k)Pus(±k) = 0. (29)
Equation (27) will be used in the second quantization theory for obtaining
the propagator of DK fields.
3 The energy-momentum tensor
The Lagrangian of massless DK fields in the first-order formalism can be
written as
L = −
1
2
Ψ(x) (Γµ∂µ + κP )Ψ(x) +
1
2
Ψ(x)
(
Γµ
←−
∂µ − κP
)
Ψ(x). (30)
Equations (7),(22) follow from Lagrangian (30) by varying the corresponding
action on the wave functions Ψ(x), Ψ(x). For the neutral DK fields, the
Lagrangian (30) reduces to
L = −Ψ(x) (Γµ∂µ + κP ) Ψ(x). (31)
With the help of (6),(8),(21), Lagrangian (31) becomes
L = ψ0∂µψµ − ψµ∂µψ0 − ψρ∂µψ[ρµ] + ψ[ρµ]∂µψρ +
⋆ψ[ρµ]∂µψ˜ρ
(32)
−ψ˜ρ∂µ
⋆ψ[ρµ] − ψ˜µ∂µψ˜0 + ψ˜0∂µψ˜µ + κ
(
ψ20 +
1
2
ψ2[ρµ] + ψ˜
2
0
)
,
where
⋆ψ[µν] =
1
2
eµναβψ[αβ] = iψ˜[µν], (33)
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eµναβ is antisymmetric tensor (e1234 = 1). It should be noted that
⋆ψ[µν] is
not a dual tensor because eµναβ = iεµναβ , and the dual tensor is defined by
Eq.(4). One can verify that the Euler−Lagrange equations
∂L
∂ψA
− ∂µ
∂L
∂(∂µψA)
= 0 (34)
with L given by (32), where A = 0, µ, [µν], µ˜, 0˜, lead to (5). For fields obeying
the equations of motion (5) (or (7) and (22)) the Lagrangians (30),(31) and
(32) vanish similarly to the Dirac Lagrangian.
The canonical energy-momentum tensor in the first-order formalism is
given by
T cµν =
∂L
∂(∂µΨ(x))
∂νΨ(x)− δµνL, (35)
and using Eq.(31) it becomes
T cµν =
(
∂νΨ(x)
)
ΓµΨ(x). (36)
We took into consideration here that for fields obeying equations of motion
L = 0. One obtains from (6),(8),(21), and (36) the expression in the tensor
form:
T cµν = ψ0∂νψµ − ψµ∂νψ0 − ψρ∂νψ[ρµ] + ψ[ρµ]∂νψρ +
⋆ψ[ρµ]∂νψ˜ρ
(37)
−ψ˜ρ∂ν
⋆ψ[ρµ] − ψ˜µ∂νψ˜0 + ψ˜0∂νψ˜µ.
It follows from the field equations that the energy-momentum tensor (37)
(and (36)) is conserved tensor, ∂µT
c
µν = 0. Contrary to classical electrody-
namics [14] the energy-momentum tensor (37) is not the symmetric tensor,
T cµν 6= T
c
νµ.
Now, we investigate the dilatation symmetry [15]. The canonical dilata-
tion current in the first-order formalism is given by
Dcµ = xνT
c
µν +ΠµΨ, (38)
where
Πµ =
∂L
∂ (∂µΨ)
= −ΨΓµ. (39)
We note that for the bosonic fields, the matrix d in [15] defining the field
dimension, is the unit matrix. As the electric current Jµ = iΨΓµΨ, for
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neutral fields equals 0, the last term in Eq.(38) vanishes. As a result, we
obtain non-zero divergence of the canonical dilatation current
∂µD
c
µ = T
c
µµ = −κ
(
ψ20(x) +
1
2
ψ2[µν](x) + ψ˜
2
0(x)
)
. (40)
The dilatation current Dcµ is not conserved current. The similar expression
was found in the first-order formulation of generalized electrodynamics with
an additional scalar field [16]. Later, we will obtain new conserved current.
Expression (40) also can be obtained from the relationship [15]
∂µD
c
µ = 2Πµ∂µΨ+
∂L
∂Ψ
Ψ− 4L = κΨ(x)PΨ(x)
(41)
= −κ
(
ψ20(x) +
1
2
ψ2[µν](x) + ψ˜
2
0(x)
)
.
It should be noted that for the plane-wave solution (24), we find from Eq.(5)
κψ[µν](k) = kµψν(k)− kνψµ(k) + eµναβkαψ˜β(k), (42)
and
1
2
ψ2[µν](k) = −ψ
2
0(k)− ψ˜
2
0(k). (43)
As a result, the right sides of (40),(41) vanish and the dilatation current
is conserved, ∂µD
c
µ = 0. But, in the general configuration of fields, the
dilatation current Dcµ is not conserved.
Now, we find the symmetrical energy-momentum tensor. The general
expression for the symmetrical Belinfante energy-momentum tensor is given
by (see [15]):
TBµν = T
c
µν + ∂βXβµν , (44)
and
Xβµν =
1
2
[ΠβJµνΨ− ΠµJβνΨ− ΠνJβµΨ] . (45)
The tensor (45) is antisymmetrical in indexes β, µ, and therefore ∂µ∂βXβµν =
0. As a result, ∂µT
B
µν = ∂µT
c
µν = 0. After some calculations, we obtain from
(16) the expression for generators of the Lorentz group
Jµν = ε
µ,ν − εν,µ + ε[λµ],[λν] − ε[λν],[λµ] + εµ˜,ν˜ − εν˜,µ˜. (46)
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Replacing expression (46) in Eq.(45), and taking into account (39), after
calculations, we obtain
Xαµν = δµνψ0ψα − δανψ0ψµ + δανψλψ[λµ] − δµνψλψ[λα] + 2ψνψ[µα]
(47)
+δµνψ˜0ψ˜α − δανψ˜0ψ˜µ + ψ˜ν
⋆ψ[µα] + eβαµλψ˜βψ[λν].
From (37),(44),(47), we obtain the Belinfante energy-momentum tensor
TBµν = −2ψµ∂νψ0 − 2ψ˜µ∂νψ˜0 + 2ψ[λµ]∂νψλ − ψ˜β∂ν
⋆ψ[βµ] +
⋆ψ[βµ]∂νψ˜β
(48)
+∂α
[
2ψνψ[µα] + ψ˜ν
⋆ψ[µα] + eβαµλ]ψ˜βψ[λν] + δµν
(
ψ0ψα + ψ˜0ψ˜α − ψλψ[λα]
)]
.
Expression (48) with the help of equations of motion (5) can be represented
in the symmetrical form
TBµν = −2ψµ∂νψ0 − 2ψν∂µψ0 − 2ψ˜µ∂νψ˜0 − 2ψ˜ν∂µψ˜0 + κ
(
2FµαFαν +GµαGαν
(49)
−⋆Gµα
⋆Gαν+
⋆FµαGαν+
⋆GµαFαν
)
+δµν
[
∂α
(
ψ0ψα + ψ˜0ψ˜α − ψλψ[λα]
)
+ ψ˜α∂αψ˜0
]
,
where we use the notation
κFµν = ∂µψν − ∂νψµ, κGµν = ∂µψ˜ν − ∂νψ˜µ. (50)
It is easy to find, with the help of field equations (5), the trace of the Belin-
fante energy-momentum tensor (49):
TBµµ = 4∂µ
(
ψ0ψµ + ψ˜0ψ˜µ
)
. (51)
The modified dilatation current is given by [15]
DBµ = xαT
B
µα + Vµ, (52)
where the field-virial Vµ is defined as
Vµ = ΠµΨ− ΠαJαµΨ = ΨΓαJαµΨ
(53)
= ψλψ[λµ] + ψ˜λ
⋆ψ[λµ] − 3
(
ψ0ψµ + ψ˜0ψ˜µ
)
.
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It is easy to verify that Xαµµ = −Vα. As a result, the divergence of the
Belinfante dilatation current becomes
∂µD
B
µ = T
B
µµ + ∂µVµ = ∂µD
c
µ = T
c
µµ. (54)
The divergences of the Belinfante and canonical dilatation currents are the
same. Thus, the currents Dcµ, D
B
µ are not conserved, but because the trace
of the Belinfante energy-momentum tensor (51) is a total divergence, we can
introduce a new conserved current2:
Dµ = xαT
B
µα − 4
(
ψ0ψµ + ψ˜0ψ˜µ
)
, (55)
so that ∂µDµ = 0. Thus, massless DK fields possess the dilatation symme-
try with new dilatation current (55). The similar conserved current can be
introduced also for generalized electrodynamics [16], [17]. It should be noted
that the conformal invariance is broken because the field-virial Vµ is not a
total derivative of some local quantity [15].
4 Canonical quantization
To perform the canonical quantization, we define the momenta in the matrix
form from Eq.(31):
π(x) =
∂L
∂(∂0Ψ(x))
= iΨΓ4. (56)
Then, using the quantum commutator
[ΨM(x, t), πN(y, t)] = iδMNδ(x− y),
we obtain from (56) the commutation relation[
ΨM(x, t),
(
Ψ(y, t)Γ4
)
N
]
= δMNδ(x− y). (57)
Equation (57), with the help of (6),(8),(21), leads to simultaneous field com-
mutators for the components ψA(x):
[ψ0(x, t), ψ4(y, t)] = δ(x− y),
[
ψ˜0(x, t), ψ˜4(y, t)
]
= δ(x− y),
(58)
2I am grateful to Yu Nakayama for his remarks.
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[
ψ[m4](x, t), ψn(y, t)
]
= δmnδ(x−y),
[
ψ[mn](x, t), ψ˜k(y, t)
]
= ǫmnkδ(x−y),
where ǫmnk is antisymmetric tensor (ǫ123 = 1).
The operators for the neutral field, in the second quantized theory, can
be written as follows:
Ψ(x) =
∑
k,s
[
ak,sΨ
(+)
s (x) + a
+
k,sΨ
(−)
s (x)
]
,
(59)
Ψ(x) =
∑
k,s
[
a+k,sΨ
(+)
s (x) + ak,sΨ
(−)
s (x)
]
,
where the positive and negative parts of the wave function are given by
(24). The creation and annihilation operators of particles, a+k,s, ak,s, obey the
commutation relations [11], [12]:
[ak,s, a
+
k′,s′] = εsδss′δkk′, [ak,s, ak′,s′] = [a
+
k,s, a
+
k′,s′] = 0, (60)
where εs = 1 at s = 0˜, m, and εs = −1 at s = 0, m˜. There is no summation
in the index s in (60). The operators ak,s, a
+
k,s at s = 0, m˜, corresponding
to scalar and pseudovector states, satisfy the commutation relation with the
“wrong” sign (−) and one should introduce the indefinite metric [12]. The
energy density follows from (36), and is
E = −T44 = π(x)∂0Ψ(x)−L = iΨ(x)Γ4∂0Ψ(x). (61)
With the help of (59)-(61), and the normalization conditions, we obtain the
Hamiltonian
H =
∫
Ed3x =
∑
k,s
k0εs
(
a+k,sak,s + ak,sa
+
k,s
)
. (62)
After the introduction of the indefinite metric the eigenvalues of the Hamil-
tonian (62) are positive values but the classical Hamiltonian is not positive-
definite. As a result, scalar and pseudovector states are ghost states [12].
From (59),(60), one finds commutation relations for different times:
[ΨM(x),ΨN (x
′)] = [ΨM(x),ΨN (x
′)] = 0, (63)
[ΨM(x),ΨN (x
′)] = SMN (x, x
′), (64)
SMN(x, x
′) = S+MN(x, x
′)− S−MN(x, x
′), (65)
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S+MN(x, x
′) =
∑
k,s
εs
(
Ψ(+)s (x)
)
M
(
Ψ
(+)
s (x
′)
)
N
, (66)
S−MN(x, x
′) =
∑
k,s
εs
(
Ψ(−)s (x)
)
M
(
Ψ
(−)
s (x
′)
)
N
. (67)
From (24),(64)-(67), we obtain:
S±MN(x, x
′) =
∑
k,s
κ
2k0V
εs (us(±k))M (us(±k))N exp[±ik(x− x
′)]. (68)
From (27), and taking into consideration that the sum of all spin projection
operators is unity (see [12]), one finds∑
s
εs (us(±k))M (us(±k))N =
(
κP ∓ ikˆ
)
MN
. (69)
With the help of (69), we obtain from (68):
S±MN(x, x
′) =
∑
k
1
2k0V
(
κP ∓ ikˆ
)
MN
exp[±ik(x − x′)]
(70)
=
(
κP − Γµ
∂
∂xµ
)
MN
D±(x− y),
where we exploit the singular functions [18]
D+(x) =
∑
k
1
2k0V
exp(ikx), D−(x) =
∑
k
1
2k0V
exp(−ikx). (71)
Introducing the function [18]
D0(x) = i (D+(x)−D−(x)) , (72)
from (65)-(67),(70), we arrive at
SMN(x, x
′) = −i
(
κP − Γµ
∂
∂xµ
)
MN
D0(x− x
′). (73)
One can prove, with the help of (8),(10),(28), that the relations ΓµP =
PΓµ, PP = 0 are valid. Thus, we find the equation
(Γµ∂µ + κP )
(
κP − Γµ∂µ
)
= −∂2α. (74)
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With the aid of the singular function properties [18], one can verify the
relation (
Γµ
∂
∂xµ
+ κP
)
S±(x, x′) = 0. (75)
The propagator (the vacuum expectation of the chronological pairing of op-
erators) is defined by the equation
〈TΨM(x)ΨN(y)〉0 = S
c
MN(x− y)
(76)
= θ (x0 − y0)S
+
MN(x− y) + θ (y0 − x0)S
−
MN(x− y),
where the theta-function is θ(x). Using the function Dc(x− y) [18]:
Dc(x− y) = θ (x0 − y0)D+(x− y) + θ (y0 − x0)D−(x− y), (77)
we obtain the propagator
〈TΨM(x)ΨN(y)〉0 =
(
κP − Γµ
∂
∂xµ
)
MN
Dc(x− y). (78)
Taking into account the equation [18]
∂2µDc(x) = iδ(x),
we arrive at (
Γµ
∂
∂xµ
+ κP
)
〈TΨ(x) ·Ψ(y)〉0 = −iδ(x− y). (79)
The propagator (79) corresponds to Dirac−Ka¨hler’s massless fields including
scalar, vector, pseudovector and pseudoscalar fields.
5 Discussion
We have considered the first-order formulation of the theory of Dirac−Ka¨hler
massless fields. The form-invariance of the first-order relativistic wave equa-
tion was proven. This is a new type of formulation of Dirac−Ka¨hler anti-
symmetric tensor fields. This allows us to obtain in the simple manner the
canonical and symmetrical Belinfante energy-momentum tensors. The traces
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of the energy-momentum tensors do not equal zero and the divergences of
the canonical and Belinfante dilatation currents do not vanish. Nevertheless,
we obtain a new conserved dilatation current but the conformal invariance
is broken. The canonical quantization requires the introduction of indefinite
metrics. This is connected with the presence of ghosts (the pseudovector and
scalar states). The propagator of the massless fields in the matrix form has
been found and can be used for some calculations in the quantum theory.
If we impose the conditions ψ0(x) = 0, ψ˜0(x) = 0, we arrive at the two-
potential formulation of electrodynamics which is convenient for considering
magnetic monopoles [12].
Let us discuss the possible important application of the theory considered
with the nonperturbative QCD on a lattice. First, the Dirac−Ka¨hler formu-
lation of fermions on the lattice is an interesting problem [19]. We notice that
all tensor fields considered are described by the 16-component wave function,
i.e. they form the same multiplet. To have a connection with flavor degrees,
one needs to make the transformation of the matrices and the wave function:
Γ′µ = SΓµS
−1 = I ⊗ γµ, Ψ
′(x) = SΨ(x) = {ψi} (i = 1, 2, 3, 4),
where I represents the 4 × 4 unit matrix, and γµ are the Dirac matrices.
In this case the matrices Γ′µ represent the direct sum of four Dirac matri-
ces. Then, we formally can express four Dirac spinors ψi (flavor degrees)
through tensor fields. It should be noted, however, that transformations of
tensor fields and Dirac spinors under the Lorentz group are different [11],
[12]. We also mention that the Dirac−Ka¨hler formulation on a lattice and
the staggered fermion formulation (which is widely used for lattice QCD) are
equivalent [20]. There is another possible application of Dirac−Ka¨hler for-
mulation considered. It has been pointed out that the Dirac−Ka¨hler fermion
formalism is essentially equivalent to the twisting of topological field theory
generating SUSY [21]. The Dirac−Ka¨hler formulation has also a fundamental
connection with the regularization of fermions, and is related to the twisting
of supersymmetry and leads to the corresponding lattice SUSY formulation.
Applicability of the current formulation of Dirac−Ka¨hler fields to the above
mentioned investigations will be the subject of further work.
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